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SuppNCY.

Local dimension of Nat (inh=

diMeo(N,x) = lim logrki....inst-
new - n

(when the limitexists)
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If N is "well-behaved"(e.g. if
there are some dynamics) then

dimlor(c=2 for N-a.e.c

<e.g. N is shift-invariant + ergodic, by
Shannon -McMillan-Breiman)

Whataboutnon-typical points?
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Multifractal spectrum

f(x) =dim, [x:dime(n,x) =23

In nicest cases:f(x) concave,
smooth

Reasonable guess:f(x)
=[*()

I:LY - spectrum of N.



↳4-spectrum

T19)=limint-Ni,...
ins

n- 0 n



↳4-spectrum

T19)=limint-wki....in
n- 0

Asholds:f(x) x T*(d)
-

linequality strictin generall
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Canonical Example: Bernoullimeasure
on full shifti =91,...,m3

"

*IN
N =(9, -- 3m)

1

[ 1q)=-log&4;
f(x) =[*(x)

*A.



General Questions:

Given a measure N:

① Can we determine the

L: Spectrum of?
ta

② Is there a meaningful relationship
between ("spectrum and multi fractal

[19) flaspectrum?
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Random substitutions
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Random substitutions
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Frequency measures

I (# occurences or in ve"(al]
freqir)-inthof rek(a))

Extends to ergodic shift-invariantmeasure

on Al satisfying
v([vi) = freq(v)
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Assumption:compatibility

0 -SY,}#0s, #Is is

same.

1 - 0
=>frequentthee

Natural guess: [(a) "fully
determined

by substitution tree"
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T1a1 =limntlog)IP(uksal-i

Challenge:overlaps
Words U can occur as:

(1) images under substitution (0k)

(2) boundary between two words
(BAD)
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iodi. ool appearsse

on boundary

Multipleways
for a giventhe
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Theorem (A.Mitchell +ARI
Assume compatible. Then

I(q) =T(a)
for 97,0. Moreover, I'll exists.

Example:NOT TRUE
for 940.



Recognizable:no boundary effects

goine.g.a
olE100
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Theorem (A. Mitchell +AR)
Assume compatible +recognizable.

Then Tal =t1a) for all qtIR.
Moreover f(x) =[*(x);T19) analytic.

Smoreover Fx I frequency measure U St.

dimeo(,x) =a for U-a.e.x and h(r/=f(x)



Example:There existcompatible +
recognizable systems with (uniquel
measures of maximal entropy satisfying

Ivexp(-1v1.htp(subshift)) =N(zv3)
for infinitely many V. In particular
system can fail specification.


